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ABSTRACT: We use the real-time finite-temperature AdS/CFT correspondence to compute
the effect of general R? corrections to the gravitational action in AdS space on the shear
viscosity of the dual gauge theory. The R? terms in AdSs are determined by the central
charges of the CFT. We present an example of a four-dimensional gauge theory in which the
conjectured lower bound of 1/47 on the viscosity-to-entropy ratio is violated for finite N.
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1. Introduction

It has been conjectured [, P that there exists a lower bound n/s > 1/4w on the ratio
between the shear viscosity 1 and the entropy density s for a field theory at a finite tem-
perature. Much of the evidence for this conjecture comes from methods based on the
AdS/CFT correspondence [J—[] that relates a theory of gravity in D-dimensional anti-de
Sitter (AdS) space to a conformal field theory (CFT) on the (D — 1)-dimensional bound-
ary. In particular, an AdS space with a black brane is dual to a field theory at a finite
temperature [f]. The real-time (i.e., Lorentzian signature) finite-temperature AdS/CFT
correspondence [fi, f allows one to compute various hydrodynamic quantities of the bound-
ary theory in its strongly coupled regime by doing a supergravity calculation in the AdS
space. It has been shown, first for particular examples [f—[L1], [[] and later in general [[[7],
that gauge theories that are dual to supergravity theories in AdS (without higher order
terms) actually saturate the bound. The bound is still saturated to leading order when
fundamental matter is included [[J]. It was also found that in the AdS; x S° setup dual
to N = 4 SYM, the leading o/ corrections from string theory (which are quartic in the
curvature) increase the ratio n/s [[4]. In the weakly coupled regime, direct calculations
using the Boltzmann equation give /s > 1 [[[§]. There has been a debate [, B, [L6, [L7]
over whether the bound may apply to all physical fluids, including non-relativistic ones. It
is desirable to consider the effect of additional types of corrections to the strongly coupled
limit in order to obtain more evidence or a counterexample to the bound conjecture and to



gain more insight into the meaning of the ratio n/s. In addition to these fundamental ques-
tions, the results may turn out to be relevant to the quark-gluon plasma, whose viscosity

is measured to be close to the bound [[[§ (and possibly violates the bound [[[9, R0]).
Here we consider the effect of curvature squared corrections, described by the action

S = /de e <£ —A+c1 R+ o Ry R + ey RW,,JR“”P”> (1.1)

in D spacetime dimensions, where ¢; are arbitrary small coefficients, and the negative

cosmological constant A creates an AdS space with radius

D —-1)(D-2)
2k(—A)

We take a black brane solution and use the real-time AdS/CFT method [f] and the Kubo

formula to compute the viscosity of the dual boundary theory. The corrected viscosity-to-

o

(1.2)

entropy ratio, to first order in ¢;, is found to be

n_l 1—4(D—4)(D—1)L§—?}K

s 4m

(1.3)

While ¢; and co affect the viscosity 1 and the entropy s, they do not affect the ratio 7/s,
which is indeed expected because of the possibility of a field redefinition, as explained in
appendix [Al More interesting is the non-zero effect on /s due to c3. The conjecture that
1/47 is the lower bound for /s would require c3 to be negative.

It is interesting to ask whether there exist any general consistency conditions on a
gravitational theory that fix the sign of the coefficient c¢3. For example, it is known that
many classes of low-energy effective field theories are inconsistent with string theory (and
some are inconsistent with any theory of quantum gravity) [R]-P§]. In particular, the
coefficients of the low-energy effective action must satisfy certain inequalities because of
causality (or analyticity in the UV) [RJ] or the requirement that all charged black holes
can decay [R3, B§]. However, these are not restrictive enough to fix the sign of c3.

On the other hand, for 4-dimensional CFTs that have AdSs; gravity duals, it was
shown [26, P7] that in the limit of large N and large 't Hooft coupling A = g2 N = L*/a/?
(while the string coupling gs = A\/(47N) is kept small), cs is related to the central charges
of the CFT as'

c3 c—a 5
T2/~ T6c + O (1/N7) (1.4)
This gives us
n La 2
- =——- 1/N 1.
s 47TC+O(/ ) (15)

The central charges a and ¢ of a four-dimensional CFT are defined in terms of the trace anomaly
as (T",) = 1o=3 (W —aG) (when we consider the CFT coupled to an external metric) where G =
Ryuvpoe R"P? — 4R, R* + R? is the Gauss-Bonnet combination and W = Ruvpe R"P° — 2R, R* + %RQ is
the square of the Weyl tensor. Both a and ¢ are O(N?) and in order for a supergravity dual to exist they
must be equal at leading order in IV [@] and given by a = c = 71'3N2/(4V5)7 where V5 is the volume of the

compact manifold (without the L® factor) @] However, they may differ at subleading order: c—a ~ O (N).



For the well-known A/ = 4 SU(N) SYM, a = ¢, so the ¢3 term does not appear, but
in general this does not need to be the case. For example, consider the N' = 2 Sp(N)
gauge theory with 4 fundamental and 1 antisymmetric traceless hypermultiplets. This
superconformal theory arises in string theory in the setup of N D3-branes sitting inside
8 D7-branes coincident on an orientifold 7-plane, and its gravity dual is type IIB string
theory on AdSs x X®, where X® ~ S%/Zy B0, BI]. The c3 term in this case comes from
the effective action on the worldvolume of the D7-branes/O7-plane system [B2, Pq]. This
theory has a = 5;(12N? + 12N — 1), ¢ = 5;(12N? 4+ 18N — 2) [Rf], and then for N > 1

eq. ([LF) gives
g - ﬁ (1 - %) (1.6)

Thus the conjectured bound on 7/s is violated.

Note that R* terms from the 10-dimensional bulk contribute an O (1 I3/ 2) correction
to n/s [14). However, that contribution is suppressed relative to the O (1/N) result in ([L.6)
in the range 1 < A < N < M2, Contributions from even higher powers of R in the
bulk and powers higher than R? in the brane effective action are suppressed by additional
factors of 1/AY/2. Note also that since the contribution of our R? term to the action is
suppressed by 1/N, the contribution from any new field that could be sourced as a result
(the Kaluza-Klein modes) would be suppressed by 1/N2, and thus can be neglected (we
keep gs fixed at a small value and do a large N expansion).

Note added: a more detailed justification has been provided later in [BJ, along with
further illuminating discussions.

The structure of the paper is as follows. In section B we discuss the corrections to
the metric of the AdS black brane. Section [] deals with the propagation of waves in
the background of the black brane, which then allows us to calculate the viscosity of the
boundary theory in section [ using AdS/CFT. In section f] we compute the entropy and
find the correction to the viscosity-to-entropy ratio.

2. AdS black brane metric

The Einstein-Hilbert action in a D-dimensional AdS space
D R
S=[d"x\/—yg %—A (2.1)

possesses the well-known black brane solution in Poincaré coordinates

1 <—f(z)dt2—|—d:1?2 L2dz2>

ds* = —
TR L? TR

(2.2)

where



For later convenience, we will change the variable z to u as
2\ 2
u = <—> (2.4)
20

o —f(u)dt? + dz? 4172 du?
B L2722 uD1 (D —1)2u?f(u)’

and then the metric is

ds

flu)=1-u* (2.5)

The curvature squared corrections ([.T) modify the function f(u) to
flu) =1—u?+a+~yu (2.6)

where

_2(D—-4)k

~ (P DData)+2), 5= 255D =3)(D— e (27)

(for details, see appendix [B).
In these coordinates, u = 0 is the boundary of the AdS space, and the horizon of the
black brane is at

o+
2

ug ~1+ (2.8)

Note that ¢ is not the natural time coordinate in the boundary theory, because for u — 0
the metric is proportional to

ds® = —£(0) dt* + dz* (2.9)

rather than the Minkowski metric. Instead, the boundary time coordinate is t, = 1/ f(0) ¢.
The parameter zy is related to the temperature of the black brane. Consider the
near-horizon geometry, and change the coordinate u to p as

5 1612

p :(Lr—lﬁf%uHPu%fOo (2.10)

Then the u-t part of the metric (R.§) takes the Rindler space form

ds* = —(2nT)? pdt? + dp* (2.11)
where
D—1 |flun)| 53 D—1 D-3 D
= = 1 — 2.12
sl Jj0) 0 T anln | 201 D-1! (2:12)

is the temperature.



3. Waves in the AdS black brane background

We now add a small fluctuation ¢(¢,u):

o —f(uw)dt* +d7? + ¢(t, u) (dzidws + dwodry) 412 du?

ds
Lzzg u% (D —1)2u%f(u)

(3.1)

In the framework of the AdS/CFT correspondence, the field ¢ corresponds to the compo-
nent 175 of the energy-momentum tensor of the boundary theory, whose correlators will be
used to calculate the viscosity. We take

$(t,u) = p(u) e = (u) e~ VIOt (3-2)

Treating the corrections to Einstein equations via Tﬁ,f/f from ([B.1), we obtain the equation
of motion for ¢(u):2

po L 2w, 8y _D—12>] L e

where we denoted

w

24/ f(0)L?2
D-1

To solve (B.3), we first consider the singular behavior at the horizon where f(u) = 0. There
the equation reduces to

(455 Ber)ere

Writing ¢(u) = f(u)”F(u) with F(u) regular at the horizon, and leaving only the most
divergent terms, we obtain two possible values

w D—-2 D w
vt Z2< D—1O‘+D—17> “anT (3:5)

The full eq. (B.J) then gives the following equation for F(u):

+ yut 4ry 2u
F'— | (a+a)(1-2
K( - ”)< 1—u2>+D—3 1— 2

D-1 ud 1
—4(2 il
<V+D—3>fy1—u2+u]
D—-1 u?
"Do31—u2

+8 YF =0 (3.6)

We dropped @? terms, since it will be sufficient for us to keep in ¢(u) only terms that are
linear in w. If we ignore terms proportional to ¢;, we have a solution

F(u) =1 (3.7)

2In (E)7 f(u) is just a shorthand for our particular expression @) Also, here and throughout the
paper we work to leading order in the coefficients c¢;.



Substituting this solution into terms that are proportional to ¢; in (B.g), we are left with

1 D—-1 u?
The solution is
2\—2v D-1,
F(u) = k1 + k(1 —u?) +2V’yD_3u (3.9)

where k1 and ko are integration constants. We take k1 = 1, consistently with our unper-
turbed solution F'(u) = 1, and we must take ko = 0 to have F'(u) regular at the horizon,
SO

D—
Flu)=1+ 21/7D — 3u2 (3.10)

Then the full ¢(u), to first order in w, and normalized to ¢(0) = 1, is

B L w ooy, o yul B D-1,
o+ (u) —1j:z—47TT In(1 —u®) + 2 a+2’yD_3u (3.11)
and the general solution can be written as
6(u) = a . (u) +bo_(u) (3.12)

where a and b are constants.

4. Viscosity via AdS/CFT

We will calculate the shear viscosity of the boundary theory using the Kubo formula:

w—0 w

1 . 1
n = lim —— / dtdz e™" ([Tyz(z), T12(0)]) = — lim — Im G*(w, 0) (4.1)
where G is the retarded Green’s function for Tia:
GP(w, @) = —i / dtd =TT (1) ([Tia(x), Tia(0)])

To find GF(w,0) we will use the AdS/CFT correspondence, where the bulk field cor-
responding to the boundary operator Tjo is our field ¢(¢,u). In Euclidean space, the
correspondence says [

<exp < / P17 o (x) Tlg(x)> >CFT = eSold| (4.2)

Here ¢ is the classical solution to the supergravity equations of motion, subject to the
condition that the boundary value of ¢ is ¢o(z), and Ssg[¢] is the corresponding value of
the supergravity action. Taking two functional derivatives with respect to ¢y and setting



¢o = 0, we see that the part of Sgg that is quadratic in ¢g can be written in terms of the
Euclidean Green’s function G(xz — 2’) = (Ti2(z)T12(2")) as

D l
52 =3 [ gy #0(0) Gl dn(=0) (1)

where we switched to momentum space. The possibility to adapt this relation to the case
of a Lorentzian theory at a finite temperature has been discussed by Herzog and Son [g].
According to their argument, one needs to consider the fully extended Penrose diagram
for the AdS black brane and set the boundary condition that the solution includes only
positive-frequency modes leaving into the future horizon and negative-frequency modes
emerging from the past horizon, where the notion of positive/negative frequency should be

defined with respect to Kruskal coordinates. The analog of ([L.9) is

D 1
5@ =5 [ oy 0 G0 65(-0) (1.0

where Gy;(q) (with 7,7 = 1,2) are the Schwinger-Keldysh propagators for the operators of
the thermal theory and their doubler operators (see ref. [J] for a review), and ¢, and ¢ are
sources for these fields. In the AdS/CFT setup, ¢ corresponds to the boundary value of
our field ¢, while ¢ corresponds to the boundary value of a similar field that lives on the
left Rindler-like patch of spacetime, whose behavior is also described by (B.11). We will
call these fields ¢ and ¢r, respectively. Unruh [B4] has shown that in order to construct
purely positive or negative frequency modes one needs to take the following combinations:

oo Right ¢ Right

¢nog = ¢pos - (45)
e/ T, Left e=w/2T gy Left

This condition relates the coefficients a and b from (B.19) of the left patch to those of the
right patch. Further, we can set the boundary condition ¢, = 0 on the AdS boundary of
the left patch. Then the full solution in the right and the left patches is given by

Pr(u) = —eTo_(u))

_ [ (1—u?) altvu a+2vg:3u2} +OW) (4.6)
o (u) = “/QT [9+ (1) — &—(u)]

_ [ n(1 — u?) + O‘ltzg —a+2vg:3uz]—|—0(w) (4.7)

where in the last step we picked a convenient value for a. Eq. (.4) becomes

S8 = 122 [ 60 G ) o)

boundary



Our supergravity action, keeping only terms quadratic in ¢, is given by

S&) = / dud” 'z /=g <£ ~ A+ R+ R R 4 3 RWWRW”">
_ Vb2 1 /2 /
= Tonppor | AW+ B + Cluyos
D(u)¢? + E(u)¢"™ + F(u)¢'¢"] (4.9)
where Vp_y = [dP~2z, and the functions A(u), B(u), etc. are given in appendix [J.

Identically to ref. [I4], we add the appropriate Gibbons-Hawking boundary terms, and
obtain the total action as the boundary term

2) Vb2
SSG 165LD2 \/— / boundary (410)
where
1
Fo(u) = 5(0 — AP + <B A— —) &b+
1
FB(H0 = O 6-0) — Bl - u(+“)@¢_ (4.11)

Here ¢, (u) is the Fourier transform of ¢(t,u) with respect to ty, as in (B.9); F.(u) should
be evaluated for both ¢r and ¢ (however, the latter happens not to contribute to the
final result for n7). Based on ([..§), we can read off G11(w) from ({.10):

1 Fo(u)
Gu(w) = (4.12)
D.D-1
8KLP 21/ f(0) Prw (W) PR —w(u) boundary
Using the general relation
G11(q) = Re G (q) + i coth % Im G%(q) (4.13)
in the limit w — 0, eq. ([£1)) gives the viscosity as
1 7:0( )
n= ——ImGn( ) = .01 /0) (4.14)
2T 16/€L T ¢R0 ’LL boundary
We then obtain?
_ 1 - 6(D —2)(Dey +ca)  2(D —4)(D* =5D +8) ¢ (4.15)
= 2k(Lz)P—2 L?/k D-1 L?/k '

3Technically, only the term (B — A) ¢l,¢— from ( contributes to the unperturbed n, while the c;
corrections receive a contribution from E’'¢/ ¢_. as well.



5. Viscosity-to-entropy ratio

We calculate the entropy of the black brane (which is also the entropy of the boundary
theory) using Wald’s formula [BJ—B§]. We have the action S = [ d”z /=g L with

R
L Bypo) = 50 = At LR o ol R o e Rynpo R0 (5.1)

and according to Wald’s formula, the entropy S is given by

S =-27 j{ dP—2xvVh %eabew (5.2)

where the integral is over the surface of the horizon, h is the determinant of the induced
metric, and € is the binormal normalized as €q;¢?’ = —2. Then for our metric (), the
entropy per unit (D — 2)-dimensional volume of the boundary theory is given by

L
s = —2nvVh %Meabecd

horizon

27/ E B CEDICEEL BCE

(5.3)

where the area factor

Vh = ! (5.4)

2(D—2)
(Lzg)P—2uy D1

should be evaluated at the horizon (R.§). We then obtain

27 1 Decy4+co 2(D—4)(D—2)(D+3) cs
=————|——6(D—-2 — 5.5
* T (Lz)D2 [;{ (D=2)—pF—+ D1 2 (5:5)
The resulting viscosity-to-entropy ratio is
n_ 1 c3
—=—|1—-4(D—-4)(D —-1)—— .
L SRR (5.6

The implications of this result were discussed in the Introduction.
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A. Field redefinitions
We start with
D R 2 v
S = /d TV —g <% —A+caR + R, R >
and consider
Juv = Guv T aguuR + bR;w (A1)

where a and b are O(c¢;). We then get

S = /dD:E\/ <——A+C1R + R, R“)

with
1 1 D -2 b b
j:——(Da-l-b)A 61261—%& Gy =Cy — —
K K 4K 2K
In particular, we can eliminate ¢; and co altogether by taking
2
) Ij 5 (2¢1 + c2), b = 2kcy (A.2)

Thus, the action describing fluctuations of ¢ in the black brane geometry can be replaced
with an action without ¢; and ¢o but with a different k. Since in a theory without ¢; and ¢y
the ratio /s = 1/(4m) does not depend on k or anything else, the ¢; and ¢, terms cannot
modify this ratio. (On the other hand, the viscosity and entropy separately do depend on
x and the parameters of the metric, so they can be modified by ¢; and c.)

B. Computing the corrected black brane metric

Consider an action of the form
S = / Pz /=g [% — A+ 1 R? + ¢y Ry R™ + ¢3 Ryupo RMP7 + cm]
where L,, is a placeholder for the matter Lagrangian. Varying the action we get
08 = /dD:E V=g [i (Ruw — 2Rgu + khgu) +e1(..) +ea(-..) +es(..) — %ij] g
= /dD:E V=g [i (Ruv — ARgu + kAg) — %Tﬁg ogh”
where in the last step we absorbed all the ¢; terms in an effective T},

Teb = c1 (guwR* — ARRy + 4V, VR — 4g,,0R) + (B.1)
163 (G Rpo R +4V ¥, RS —200R,,, — g, JR— 4R Roy, ) +
tes (gWRaW R —4R 05, R, =8OR +4V, V. R+8R% Ry —8R* Ry 5)

— 10 —



Since all the terms in Tﬁ,f/f are already explicitly proportional to ¢;, we can simply substitute
in them the unperturbed solution (R.4) and treat Tﬁlff like a non-gravitational source. The
calculation of the resulting corrections to the metric is straightforward (similar to ref. [[i]).
One assumes an ansatz of the form

1
ds* = ) (—eza(z)d/t2 + di? + e_%(z)dzz)

and notes that the components of the Ricci tensor

Rl = [-(D—1)+ (D —1)zd + 20 — 2*(a* + d'V/ + a")] e®
Ry = [~(D—1)+z(d + V)]
R:=[-(D—1)+zd +(D—1)2b —22(a? +d'V +a")] *

can be combined as

Rl — R? = (D —2)z(d’ —V)e* (B.2)

R} — R:
D2

26\’
—RE=[(D—1)—2V2] ® = — <e—1> P (B.3)
Using (B.3) we can solve for b(z) as

dz (R — R?
20(2) _ _ ,D-1 t z _ px
e z {/ D ( D2 Rx> +const}

= —Z—KZD_I {/ d—; (T = A) + Const]
z

D -2
D—1
1 z 26 p_y [dz .,
Zﬁll‘<z—o> ]‘mz T (B.4)

where we used Einstein’s equation in the form

2K T
R;w = mg;wA + K (pr - m g,uz/>

After found b(z), we can obtain a(z) using (B.J):

a(z) =b(z) + DH_ 5 / %6_%(2) (T} - T7) (B.5)

By computing (B4) and (B.H) with the unperturbed solution (£.J) substituted in (B.]),
and using the unperturbed e~ 2b(2) ip (Bj), we find the perturbed metric

1 <—f(z)dt2 + di? N L2dz2>

2 _
a5 = 2 )

= (B.6)

where

flz)=1- <3>D_1 +at7y <§>2(D_1) (B.7)

— 11 —



and we defined the constants

2D -4k

=0 o (D - DD te)+2a],  v= 2%(1) —3)(D — 4)es

If we change the variable z to u as

we obtain (P.§).

C. Coefficients in the action
The coefficients in the action (f.9) are given, up to terms O (wz), by

1 — u? D Dcy + ¢
20— —— | (D—-1)————
2u * < “ (D—2)u>( ) L?/k

+<(D—3)(D—2)u3—2(D_5)u_ 2D > 63]

A(u) = 16(D — 1) [ +

(D—2)u) L?/x
Bu) = (D — 1) [61 —uu2 B (5_—2;u121)2c1 - (22/;15D+2)c2+
D 1)u24D01 +L22(/Z +11)co (D — 128 L§2/,.@+
+ <4(D3 — 5(311))2‘_2)131) —2) _ 16(D? — 6D + 3)u
+4(8D? — 43D + 49)u3> Lg—ﬂ
Clu) = -8 (D; Ly (D—3)> +16(D —1) [% 2D — ] Dz;i;@
+16 [% —2(D —3)(D —5)+ (D — 3)(D —2)(3D — 5)u2} ngm
D(u) % [ B Dz_ . D(D —1)(Dei 4 ¢3) + (12;5/: (D —3)(D - 2)2u4))03]

co + 4c
E(u) = (D —1)*(1 — u?)%u 2L2 /,{3

D —1)(1 +u?)cg +4(2(D — 3)u? — (D —5))c3
L2?/k

F(u) = —2(D — 1)1 — u2)(
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